Abstract. A mathematical model of secondary frost heave in freezing, gravelly soils is presented. This model is due to O'Neill and Miller Water. Resour. Res., 21 (1985), pp. 281-296], who sought numerical solutions. Here, their model is made nondimensional and is analysed using asymptotic analysis. Based on the successive formation of ice lenses within the partially frozen fringe, a heave criterion for such soils is deduced.
) is that phenomenon that occurs in freezing soils when the surface is forced upwards by the accumulation of horizontal ice "lenses" in the soil; see Fig. 1 . The mechanism by which the ground is forced upwards is that water is drawn from below to the freezing front where it freezes. It is the upward motion of excess water that causes the heave, rather than simply the expansion of water on freezing. The water flow upwards is driven by a pressure gradient (or free energy gradient) that derives from the well-known fact (Hillel [3] ) that in a moist soil, the water "pressure" is below the overburden pressure by an amount (the effective pressure) that depends on water content. The physical cause of this is a suction due both to capillary forces and to adsorption forces that cause an electrical double layer of water to form at the surfaces of clay particles. Thus the water pressure Pw is lower where the water content is lower (i.e., where freezing occurs), and so the water flows upwards. The problem is to quantify and predict the amount and rate of heaving that can occur.
Soil is a complex medium which has complicated physical properties. Soils vary in texture from coarse sands and gravels to finer silts and the finest clays. Clay particles have typical dimension less than 2 p.m. Compressibility, permeability, and effective pressure can vary enormously depending on the texture, and so do the heaving properties. Our approach will therefore be to adopt the simplest model we can. In addition, soil is a multiphase medium. Dry soil is soil and air; saturated soil is soil and water; partially frozen unsaturated soil is then soil, water, ice, air; and if we included the important effects of solutes, we should have four phases with five components-or six, if ice and water solute concentrations are both included.
There are two modes of frost heave. Primary frost heave occurs when all freezing takes place at an interface between pure ice and wet soil below. The water flows upwards through the soil and freezes due to a discontinuity in heat flux at the interface, just as in a Stefan problem. This phenomenon has been investigated by Jackson, Uhlmann, and Chalmers [4] , for example. Secondary frost heave is of more interest (it heaves larger loads), and in this case the water freezes over a finite region below the ice lens, termed the partially frozen fringe. It thus resembles (in this) the mushy zone in a dendritically freezing alloy, and in a similar way the freezing temperature varies through the frozen fringe: in an alloy it is because the freezing (liquidus) temperature depends on solute concentration. This may also be important in soils, but additionally the freezing temperature varies with water pressure, which provides a similar effect. [5] , who shows that it tends to be mechanically unstable, so that in that case, we might expect a sudden transition in pore constituents from water/air to water/ice, although this transition also might occur over a finite range of depth. The generalisation of (1.1) offered by O'Neill and Miller [7] is then (1.2)
where Pw and Pi are water and ice pressures, and X is a weighting factor, which in a simple approach we would take as (1.3) X= W/n, where W is the water volume fraction, and n is the porosity (pore volume fraction). O'Neill and Miller [7] suggest that theory and experiments are consistent with the assumption (1.4) pi-Pw=f(W), where f> 0 represents capillary effects between ice and water.
Since the equations we shall propose are appropriate to those for a two (or multi-) phase medium, it is important to be clear on the nature of the pressures described. In particular, two-phase flow theory commonly refers to phase-averaged pressures, which are the local averaged pressures, taken over the relevant phase (Drew 1] [7] to satisfy (1.2) are then related to the phase-averaged values, which we take to satisfy/= Xw + (1-X)/i, by Pw nfiw, p ni.
The point is that we might expect the characteristic relation (1.4) There is an extensive literature on frost heaving and models thereof, which has been reviewed by O'Neill [6] , and we do not wish to repeat such a survey. In the next section we recall the model of O'Neill and Miller [7] , and only add here that it seems to be the most complete model for secondary frost heave yet to be presented. Although the model proposed consists of 10 equations (two mass, two momentum, one energy, plus five constitutive relations) for 10 unknowns, we shall find that a great degree of simplification ensues. The basic variables are the water pressure Pw, and the water fraction W. These 
where k h is the hydraulic conductivity. The ice is considered to form a rigid, solid body, which is nevertheless able to flow relative to the soil skeleton by thermally induced regelation (see O'Neill and Miller [7] ). The velocity of this flow will be determined from the boundary conditions. Thus we put 
where L is latent heat, c is specific heat, and k is thermal conductivity. We have assumed k and c are equal for the two phases, otherwise averaged values must be used. The density is also a weighted average, which we shall however take as constant.
In the frozen fringe, we assume thermodynamic equilibrium. This implies (2.6)
see O'Neill and Miller [7] for a discussion of this generalised Clapeyron and assume that P is determined from (quasi-) static equilibrium. The simplest assumption is that P is hydrostatic, i.e., (2.12)
where p is the soil density (considered constant here). We assume that the permeability kh is given by (2.13) k h ko(W/n) v (O'Neill and Miller [7] ). Thus, we are missing one equation to determine vi" this will come from an extra boundary condition.
The model above, which applies in the frozen fringe, must be supplemented by the temperature equation in the frozen region above and equations of temperature and water flow below. We denote the boundaries of the frozen fringe by Z (at the top) and zf (at the bottom). As illustrated in Fig. 1 [7] . We then find
[U]---10 where we have assumed f(n)= 0 (see Fig. 2 ).
Finally, we define a criterion for lens formation. Ice lenses can form if the effective pressure decreases to zero anywhere (because there is then no stress to keep soil grains in contact). From [7] . In particular, we wish to focus on the following ideas:
(a) "... gravels are not susceptible to heave. Silts can produce spectacular heave, but only if the load.., is small.., clays never produce spectacular heave, but can...
heave very large loads indeed" [7] . (b) Fig. 4 of [7] shows a "typical" freezing sequence of a 10 cm soil column. A sequence of very thin ice lenses forms at intervals of---104 s and at distances apart of 0.1 cm, these values increasing as time increases.
(c) Fig. 3 of [7] shows a "typical" variation of p and f(W) (here: Uw and T in their figure). The fringe thickness is ---1 cm, while p jumps from its value at Zl to the far field value (Pb: taken as zero in the figure) over a "boundary layer" of thickness ---0.2 cm. The profile for f, however, is almost linear.
(d) Fig. 5 of [7] shows cumulative heave profiles h(t) of 0(2 mm). The relationship of H, h, and z is illustrated in Fig. 3 [7] we would begin the calculation again, with new values of z z* and ho ho + to* vi dt.
The new initial profile for W is just that at the end of the previous calculation (t t*-).
We can see that the third-order system (3.1) with two unknowns vi and zy has five boundary conditions, as appropriate. For the parameters considered by O'Neill and Miller [7] , we have 0s-'-0b 10. They do not report values of/3, but refer to measurements appropriate to a silty soil. Miller [5] reports measurements of Williams and. Burt [8] , which suggest that ko-10 -4 cm s-1, which would give/3---104. It is important to anticipate that the fringe permeability (which is rate-controlling) will be low at the lens, where W W, say. Then K (W/n) r there, and if W-< 0.2 (consistent with f> 1, see Fig. 2 we assume g* < n. In (3.23), we have written g, g,ft,f for g(0), g'(O),f(g), df/dr I,=o.
To analyse this system, we again make use of the fact that y >> 1. Note that g* is not numerically much ditierent from n. For/3---1, it is close to n, for large/3, it may be smaller by a factor of two. There are three cases to consider:
(a) gl < g*. Then b<< 1, a << 1, and (3.23) is approximated by (3.25) G -f/.
For a >0, and to be self-consistent, we require >f* -f(g*) (since df/dg <0), thus It is easy to trace the qualitative bifurcation structure by graphically portraying (3.33) and (3.34) . It is less easy to show the a, 0s, f* solution surfaces in three dimensions, however. In Fig. 4 , we show slices of this surface, at fixed f* or 0s, and we attempt to draw the three-dimensional version in f and 1-g decrease. Thus lens formation will occur in the pressure boundary layer, and this happens at z*, where using (3.14) and (3.16 The resultant linear temperature profile was assumed by Gilpin [2] , and also found by O'Neill and Miller [7] . The pressure and temperature profiles found here correspond to observation (c) of 3. For clays, the initial similarity solution rapidly relaxes to a quasisteady state given by (4.3) and (4.4), where for H<< 1, vi given by (3.16) is essentially constant (observation (d) in 3). The sensitivity to the load is manifested through the dependence of vi through B (3.16), on W/ (3.12), i.e., on f/, which is determined by 0s (4.4) which is proportional to P-(2.25). We have already mentioned successive lens formation (following (3.35)).
The regime map, Fig. 5 or 6 , suggests that as the load is increased for a given soil, heaving will be rapidly suppressed at a critical value of Po crq*. For a given soil, for which the soil-water characteristic function and the hydraulic conductivity kh are known, this critical value is in principle measurable, and could provide one means of testing the current theory. 5 . Conclusions. Analysis of the O'Neill-Miller model is possible on the basis of the "large activation exponent" assumption that y >> 1, i.e., there is strong variation of permeability. This analysis yields completely explicit approximate results that are in qualitative agreement with O'Neill and Miller's [7] computed results. They also seem to be consistent with some basic observed characteristics of heaving soils. A feature of the results is the coexistence at some values of overburden and subcooling of three possible freezing modes, two of which involve lensing, the other of which does not. It is not at present known whether both lensing solutions are physically realisable, although it is plausible that the solution of case (b) is not. Fig. 7 that might serve (for a particular soil) as a regime map: it is a projection of Fig. 5, using 
